In this article, radar echoes of aircraft wake vortices are modeled as weighted sums of the frequency components of the echoes with a special covariance matrix for the weighted coefficients. With a proposed detection scheme, two generalized likelihood ratio test (GLRT) detectors are derived respectively for aircraft wake vortices with time-varying and time-invariant Doppler spectra. Then the analytical expressions for detection and false alarm probabilities of the detectors are derived and three factors are investigated which mainly influence the detection performance, i.e., the Doppler extension and uncertainty of the aircraft wake vortex, and the number of the detection cells. The results indicate that, the signal-to-noise ratio (SNR) loss induced by Doppler extension is generally several decibels. The SNR loss due to Doppler uncertainty is approximately proportional to the logarithm of the number of spectrum lines in the uncertain Doppler spectrum intervals. For a large number of detection cells, the SNR gain is approximately proportional to the square root of the number of the detection cells.
Introduction1
An aircraft wake vortex is a type of atmospheric vortex generated behind a flying aircraft. Due to its long existence time and great vortex strength, the wake vortex of a large aircraft poses a potential danger to the aircraft closely behind it. According to the records of the U.S. National Transportation Safety Board and the U.S. Federal Aviation Administration, there were 130 aircraft accidents and 60 aircraft incidents involving wake turbulence in the United States from 1983 to 2000 [1] . To avoid such accidents or incidents, detection of aircraft wake vortices using a radar, a sodar or a lidar has been widely researched in recent years, and the achievements are fruitful [2] [3] [4] [5] . Among the three types of sensors, the radar prevails for its more flexible frequency selection, longer detection range, etc., therefore the radar detection of aircraft wake vortices attracts increasing attention, and the electromagnetic scattering characteristics of aircraft wake vortices are researched both at home and abroad [6] [7] [8] [9] . Up to now, there have been less theoretical results than the experimental results on the radar detection of aircraft wake vortices, and the experimental results have indicated that, aircraft wake vortices are fairly strongly detectable. For example, in the early 1990's, Lincoln Laboratory detected the wake vortices of C-5A aircraft at a range of 15 km using powerful pulse Doppler radars which have peak power of 2-7 MW [7] . In November 2006, Thales Corporation detected the wake vortices of civil aircraft at a range of 0.7 km using an X-band BOR-A550 radar which has peak power of 20 W [10] . Owing to its application in civil aviation [11] [12] for improving the flight safety and transportation efficiency of airports, radar detection of aircraft wake vortices attracts more attention in civil aviation than in military applications. However, as the electromagnetic scattering characteristics of an aircraft wake vortex are closely related to the aircraft's wingspan, take-off weight, speed, etc., the detection of aircraft wake vortices is also important for detection and identification of military aircraft, especially for the stealth aircraft [13] . As a type of space-and frequency-extended target with a special Doppler spectrum, aircraft wake vortices' detection technology is quite different from that of common targets such as aircraft, missiles, etc. In this article, we propose a radar echo model and a detection scheme for detection of aircraft wake vortices in clear air, and derive two generalized likelihood ratio test (GLRT) detectors for aircraft wake vortices with time-varying and time-invariant Doppler spectra. The performance of the two detectors is then investigated in detail and the results are expected to be used for performance analysis of aircraft wake vortex detection.
Characteristics of Aircraft Wake Vortices

Space distribution
The axial length of an aircraft wake vortex is typically several kilometers or even longer, so the numbers of the range cells and the cross-range cells occupied by an aircraft wake vortex are usually much larger than one and both of them depend on the radar observation angle, which is defined as the angle between the incident wave direction and the axial direction of the aircraft wake vortex, as shown in Fig.1 , in which b is the half-power beamwidth of the radar antenna, R is the radar range resolution, and is the observation angle. Under the typical condition of oblique incidence as shown in Fig.1 , the number of range cells M r (within a cross-range cell) and the number of cross-range cells M a approximate respectively to (unrounded)
where R is the target range and L V is the axial length of the aircraft wake vortex, while under the condition of normal incidence (
. Hence the total number of resolution cells is
Radar cross section
Experimental results have shown that, radar cross section (RCS) of an aircraft wake vortex in clear air does not change remarkably with the observation angle [7] , but it changes quickly with the incidence wave frequency. For example, according to the experimental results of the Lincoln Laboratory, the RCS of the wake vortex of a C-5A aircraft is slightly more than 60 dBsm at 0.162 GHz and slightly more than 70 dBsm at 0.422 GHz [7] . Even though the beamwidths of the radars at the two frequencies are different (48.8 mrad at 0.162 GHz and 19.2 mrad at 0.422 GHz), the calculated difference of scattering intensity per unit axial length of the aircraft wake vortex between the two frequencies is still greater than 5 dB.
Doppler spectrum
According to the experimental results of the Thales Corporation [5, 10] , the Doppler spectrum of an aircraft wake vortex has several discrete, usually time-varying spectrum lines whose relative intensity is approximately inversely proportional to the absolute value of the cubic of the corresponding Doppler frequency. This type of special Doppler spectrum makes the detectors for aircraft wake vortices quite different from that for other types of targets.
Detector Design
Radar echo model
According to the characteristics of aircraft wake vortices, radar echoes of the aircraft wake vortex in the mth range cell within a coherent processing interval (CPI) can be modeled as weighted sums of the frequency components of the echoes:
where 
Detection scheme
As the space distribution of the aircraft wake vortex is a priori unknown, the radar cannot determine a priori the resolution cells occupied by the aircraft wake vortex. However, there is a feasible method which is to detect the aircraft wake vortex in specific "detection cells" for a given observation angle. Especially, for a mechanical scanning radar, the CPI is assumed to be the time interval for the antenna to scan an angle of b /2 (during this period of time the target echoes are expected to maintain good coherence). The detection cells of oblique incidence with a typical observation angle are shown in Fig.2 , in which the detection cells in adjacent directions are overlapped in the radial direction, therefore the total number of the detection cells M is usually more than that of the resolution cells. For the case in Fig.2 , M 4M c /3 while for the case of normal incidence, M 2M c . Besides the space distribution, there is another a priori unknown characteristic of the aircraft wake vortex, i.e., m , whose relation with the Doppler frequencies (see Eq. (8)) causes the difficulty for the detector design. To simplify the detector while maintaining good detection performance, we specify m = for m =1,2, … , M, and assign in this way: firstly, according to the characteristics of aircraft wake vortices, we assign a priori the number of Doppler frequencies K and the non-overlapping frequency intervals k (k =1,2, … ,K), each including one of the Doppler frequencies, then we calculate the matrix based on the center frequency of k according to Eq.(8).
GLRT detectors
According to the radar echo model and the detection scheme discussed above, the detection of aircraft wake vortices can be expressed as the following binary hypothesis test: 
where m=1,2, … , M, z m is a N coh -dimensional observation vector, n m is a zero-mean complex white Gaussian noise vector whose covariance matrix is 2 n I where 2 n is the noise power which is assumed to be a priori known (or it can be fairly accurately estimated), I is a N coh -dimensional identity matrix.
The observation vectors in Eq. (9) can be recasted as
, and the covariance matrix of z under the hypothesis H 0 is an MN coh -dimensional identity matrix. Under the hypothesis H 1 , the echoes of the aircraft wake vortex in different CPIs are assumed to be mutually statistics independent. Thus the covariance matrix of z is a block diagonal matrix (10) where
For a certain angle of , the logarithmic GLRT statistic is derived to be 2 ,
For N coh >>1, an approximation, i.e.,
can be applied to the problem [14] , thus we have 
When the aircraft wake vortex is at unstable evolu- 
which is referred to as the time-varying Doppler spectrum (TVDS) detector. While at stable evolution stage, the aircraft wake vortices in different detection cells may have identical Doppler frequencies, i.e., 
(2) Detection probability With the Gaussian approximation, the detection probability of the TVDS detector can be expressed as
where e,1 = 
from which we obtain the exact solutions for 
where C 1 (M f ) is a control parameter slowly changing with M f . As for 1 f 2 ,1,
for M f = 2, and
for M f 3, where C 2 (M f ) is a control parameter.
As an example, let Fig.3 , from which it can be seen that the maximum relative error is about 3% (or in other words, the approximate errors are less than 0.1 dB), which is fairly precise in practice. 
TIDS detector
(1) False alarm probability
Under the hypothesis H 0 ,
Gamma distribution. Thus the probability distribution function of , we obtain the PDF of P 2 :
whose Fourier transform is the characteristic function of P 2 , through which we can obtain the characteristic function and PDF of T 2 (z), thus the false alarm probability can be numerically calculated. However, the calculation efficiency is poor for M f >>1, therefore we introduce an approximation method as follows. For K=1, the false alarm probability is
where is the detection threshold. For K >>1, T 2 (z) approaches to the Gaussian distribution. Thus the false alarm probability is For P F,1 <<1 and P F,2 <<1, the numerical results of P F,1 and P F,2 indicate that P F,2 <P F,1 and the actual false alarm probability is between P F,1 and P F,2 , thus it can be approximated as
where 2 f 2 f e,2 ,1, ,0, 1
Analysis of Performance Factors
According to the above discussion, detection performance of wake vortices depends mainly on four factors, i.e.:
(1) Doppler extension of the wake vortex, which can be characterized by the parameter . When gets closer to 1, the Doppler spectrum gets more concentrated.
(2) Doppler uncertainty of the wake vortex, which can be characterized by the parameter M f . The larger M f is, the more uncertain the Doppler spectrum is.
(3) The number of the detection cells M, which is mainly determined by the range and azimuth resolutions of the radar, the scale of the wake vortex and the radar observation angle as shown in Fig.2 .
(4) The number of coherent processing pulses N coh , which is mainly determined by the correlation time of the wake vortex and the pulse repetition frequency of the radar.
For the fourth factor, it is obvious that the detection performance increases proportionally with N coh . Thus we only focus on the other three factors below.
Doppler extension of aircraft wake vortices
To illustrate the influence of Doppler extension on the detection performance, The results show that, the detection performance decreases with increasing Doppler extension. Compared with the unextended Doppler spectrum (i.e., the case of K =1), the maximum per-formance loss (between Case 1 and Case 3) of extended Doppler spectra can be more than 4 dB, which should not be neglected in practice. Especially, for P D = 0.9, the maximum performance losses of the TVDS and TIDS detectors are 2.2 dB and 1.4 dB respectively, which implies that the performance loss of the TVDS detector induced by Doppler extension is generally greater than that of the TIDS detector. Due to its time-varying spectrum, the TVDS detector generally has lower performance than that of the TIDS detector, and the performance difference between them is about 1dB for the cases shown in Fig.5 . the TVDS and TIDS detectors, and the performance degradation of the former is much quicker than that of the later, hence even minor uncertainty can make a remarkable performance loss for the TVDS detector. For example, compared with the performance of M f = 1, the performance loss of M f = 16 is 3.7 dB for the TVDS detector while only 1.3 dB for the TIDS detector (both for P D = 0.9).
Doppler uncertainty of aircraft wake vortices
To further illustrate the influence of Doppler uncertainty on the detection performance, we define the
where L (m) represents the required SNR for M f = m (P D = 0.9, P F = 10 6 ), then we calculate the SNR losses of the TVDS and TIDS detectors and the results are shown in Fig.7 . Noting that the abscissa of Fig.7 is logarithmic, we can deduced from Fig.7 that, the SNR losses are approximately proportional to ln M f , and the SNR loss of the TVDS detector is about four times more than that of the TIDS detector for a given M f .
Number of detection cells
According to Eq.(13), the total SNR (and hence the detection performance) increases with M (i.e., the number of the detection cells), while the SNR of a sin-gle cell remains unchanged. In other words, the required SNR for desired detection performance decreases with increasing M, hence there exists a SNR gain with increasing M, which can be defined as The SNR gains shown in Fig.8 can be explained as the results of the cumulation of echoes from different detection cells and the fluctuation suppression effect of noncoherent integration (i.e., the diversity gain of noncoherent integration for fluctuating targets [15] ). For a certain range of M, G (M) can be more than the SNR gain of the coherent integration with M pulses. For example, Fig.8 indicates that the SNR gain for M=10 is more than 10 dB.
Similar to the traditional noncoherent radar systems, it can be deduced from Fig.8 that, for a large number of detection cells (M >>1), the SNR gain is approximately proportional to M for the TVDS detector, while it is 1.4 M for the TIDS detector, which indicates that the SNR gain of the TIDS detector increases with M in a little quicker way than that of the TVDS detector.
Conclusions
In this article, we derive two GLRT detectors respectively for aircraft wake vortices with time-varying and time-invariant Doppler spectra, based on which we analyze three factors that mainly influence the detection performance, and the results show that:
(1) Doppler extension of the wake vortex can induce a performance loss of several decibels, and the performance loss of the TVDS detector induced by Doppler extension is generally slightly greater than that of the TIDS detector.
(2) The SNR losses of the TVDS and TIDS detectors due to Doppler uncertainty are approximately proportional to ln M f where M f is the number of spectrum lines in the uncertain Doppler spectrum interval k . For aircraft in various atmospheric environments and flight conditions, the wake vortices' electromagnetic scattering characteristics may be very complicated and different from what is discussed in this article. Hence more research is needed concerning the electromagnetic scattering characteristics and radar detection technology of aircraft wake vortices in various conditions.
